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ABSTRACT. Optimal control of quantum systems seeks to optimize dynamics
to reach a desired target. The underlying physics of such quantum control
involves aspects of interference between indistinguishable quantum pathways
to the same final state. The physics of such interference based control, termed
coherent control, is here reviewed and applied to control of proton transfer in
a large molecular system. Emphasis is placed on both the physics of coherent
control and on the semiclassical computational techniques required to predict
coherent control in large systems.

1. Introduction

The vast majority of lectures at this workshop are dedicated to optimal control
of quantum systems. Such work has as its main goal the optimization of target
yields, with only secondary concern for the underlying physical mechanisms that
make the control efficient. By contrast, work over the past sixteen years in coherent
control[1, 2] has focused on the underlying quantum mechanisms that allow for
control in molecular systems. Specifically, it has focused on the role and utility
of quantum interference between indistinguishable pathways to the target state, in
controlling quantum systems. Its advantage lies in the emphasis on the physics
associated with quantum control, which allows for the development of a number of
general control principles.

Coherent control has been successfully applied to a wide variety of processes,
including molecular photodissociation, atomic ionization, bimolecular collision pro-
cesses, control of chirality in chemistry, nanoscale deposition of molecules on sur-
faces, control of chaotic dynamics, controlled quantum chaotic diffusion, controlled
dynamics in an optical lattice, the construction of decoherence free subspaces, with
applications using both continuous wave as well as pulsed lasers. These topics, as
well as others, are thoroughly discussed in two recent monographs[1, 2]. In addition,
we have recently analyzed optimal control from the coherent control perspective[3].
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Below we briefly review some of the basics of coherent control. We then de-
scribe, as an example of a forefront coherent control study, the application of co-
herent control to proton transfer in a large molecule, an example typical of a vast
array of interesting processes that involve large molecules. Emphasis is placed
upon both the nature of the dynamics required to treat large molecules, specifically
semiclassical mechanics, and upon the ability to control systems in the presence of
deleterious dephasing. The latter is particularly important since practical applica-
tions of quantum control will necessitate studies in the domain where decoherence
is ubiquitous.

To introduce the principle of coherent control we consider the control of the
dynamics of molecular photodissociation, i.e. the process:

A+ BC + ABC — AB + C.

Here the molecule ABC, where A, B, C denote atoms or molecular components, is
excited by a photon and dissociates to one of the two indicated products. Interest
is in controlling the relative probabilities of producing the products.

1.1. Photodissociation. Consider a molecule interacting with a pulse of co-
herent light where the light is described in terms of an electric field E(z,t) propa-
gating along the z axis:

(1) E(z,t) = ée(z,1)
where
(2) e(z,t) = /oo dwe(w) exp[—iw(t — z/c)] .

is the strength of the field and € is the polarization direction vector. The quan-
tity w denotes the frequency. The dynamics of the system is described by a time
dependent Hamiltonian, H(t) = Hy + Hpygr. Here Hyy is the (radiation free) ma-
terial Hamiltonian and H g is the matter-radiation interaction, given in the dipole
approximation as

3) Hyr = —-d-E(z,t),

where d is the electric dipole operator.

Photodissociation results when the energy eigenstates reached by photon ab-
sorption are in the continuum. These are defined as eigenstates | E,m~ ) of the
molecular Hamiltonian Hjs with continuous energy eigenvalues F, i.e.,

(4) [E— Hy]| E;m™) =0.

The index m designates a collection of additional quantum numbers that may be
necessary to completely specify the state. In particular, if we regard the state
| E,m™ ) as representing a collisional or a dissociation process, then m includes the
chemical identity as well as all the internal (electronic, vibrational, rotational, etc...)
quantum numbers of the molecules that participate in the collision[4]. Note that the
minus superscript indicates that the eigenstates satisfy the ”incoming” boundary
conditions. That is, in the distant future these states become the eigenstates of
the asymptotic Hamiltonian of the products, denoted | E, m;0), with the indicated
quantum numbers.
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In accord with standard perturbation theory applied to photodissociation[2], if
the molecule is initially in a bound state | E; ) of energy E;, then after the pulse is
over the portion of the wavepacket excited to a continuous segment of the spectrum
is given by

(5) | '(t)) =
@2ni/h) Y / dE &wp,i){E,n" [¢-d|E;)| E,n" )exp(—iEt/h).

where €(w) = e(w) expliwz/c], with wg,; = (E — E;)/h. The quantity € - d is the
projection of the transition-dipole operator along the electric field direction.

The photodissociation probability into the state characterized by n at energy
E, P,(E|i), is given by the square of A, (E|i), the photodissociation amplitude for
observing the free state exp(—iFEt/h)| E,n;0) in the long-time limit. That is,

(6) Pa(Eli) = |An(EL3)I,
with A, (Eli) defined as
(7) An(Eli) = lim exp(iBt/h)( E,n;0[ ().

Because the bound and continuum wavefunctions usually belong to different elec-
tronic manifolds, they are orthogonal to one another and the only term that con-
tributes to Ay (E|i) derives from ¥', the excited part of the wavepacket. It follows
from the incoming boundary conditions on | E,n~ ) that the ¢ — oo limit of Eq.
(5) can be written as

®) [T (t = 00)) = 2—;1” Z/dEé(wE,inE,n;O)(E,r |e-d| E; ) exp(—iEt/h) .

Using the orthonormality of the | E,n;0) functions, we obtain from Eq. (7) that
. 27 _ .
(9) An(Bli) = ——&wp)( E,n" [¢-d| E;).

Note that by using incoming states, we have shown that the coefficient of the
state | E,n" ) at time ¢ = 0 in Eq. (5) is exactly An(E|i), the long time pho-
todissociation amplitude. Thus, we obtain the crucial insight that the probability of
obtaining product in the state | E,n;0) is given solely by the probability of preparing
the state | E,n~ ) at the time of preparation.

The traditional scenario of molecular excitation and subsequent system evo-
lution developed in the preceding section, affords little opportunity to control the
outcome of molecular events. In order to understand why this is so and how the
problem may be overcome[5] we note that (even beyond the weak perturbation
limit[3]) the ratio of probabilities of dissociation into a particular product state at
any given time, from a given initial state | E; ) is given, in accord with Eqgs. (6) and
(9), by

(10) PH(E) — bE,n(oo) ‘ <E,1’17 |éd|E’l>

Pn(E) bE,m(00) (E,m~|&é-d| E;)

Thus, the branching ratios at a fixed energy E, control over which is generally
sought, are independent of the external field(s). Hence varying the parameters of
the external field(s) will have no effect on the asymptotic branching ratios. That
is, there is no way we can control the product ratios of the photodissociation event.
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This result holds true as long as there is only one initial state | E; ) that is excited
to the continuum.

The above argument motivates the idea that the way to control photodissoci-
ation is to use more than one initial state, or in greater generality, to use multiple
excitation pathways. In this section we demonstrate that such a strategy allows
us to actively influence and control which photodissociation product is formed.
These ideas, which introduce the notion of “coherent control”, hold true for any
dynamical process, not just for photodissociation .

2. Weak Field Coherent Control

2.1. Photodissociation from a Superposition State. We introduce the
basic principles of coherent control through a series of examples. In particular, we
extend the treatment of sub-section 1.1 to the photodissociation of a non-stationary
superposition of bound states, | x(0)) = Zjvzl a;| E; Y exp(—iE;t/h). Numerous
experimental techniques can be used to create such a state. Whatever the method
of preparation, the amplitude and phase of the coefficients a; are functions of the
experimentally controllable parameters used in creating the superposition.

Repeating the treatment of weak field photodissociation given in sub-section
1.1, but now for an initial superposition state, gives the same result as trivially
replacing, in the final result [Eq. (5)], the single initial state | E; ) exp(—iE;t/h) by
the superposition Zjvzl a;| E; )exp(—iE;t/h). Thus, at the end of the excitation
pulse the system wavefunction at time ¢ is given by,

|¥(t)) = Zaﬂ Ej) exp(—iE;t/h)+

(11)  (2mi/h) ZaJZ/dEe (we,j){E,n"|é-d| E; )| E,n™ )exp(—iEt/h) ,

Jj=1

where wg ; = (E—E;)/h. The probability P,(E) of being in the final state | E,n;0)
is Pa(E) = |An(E)|? , where the probability-amplitude A, (FE) is given by [using

Eq. (7)]
(12)

An(E) = hm exp(zEt/h)(E n;0|¥(t)) = 2mi ZaJ (we){E,n"|e-d| E;) .

Of particular interest is the probability of being in a subspace of states, denoted
by the label ¢; that is, in all states m associated with a fixed ¢, where n = (m, q).
Summing over m we obtain that,

(13) Py(E) = me,q(E) = Z |Am,q(E)|2-

Inserting Am ¢(E) from Eq. (12) gives

N
(14) Py(BE) = (2r/h)” Y [aia}e(w,i)e (wr,;)]dg (59)]

i,j=1
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where

(15) dg(ji) = Y (E;|&-d|E,m,q )(E,m,q |&-d|E;) .
The branching ratio between two channels at energy E, R, ,(E), which we control
below is then,

(16) Ry g (E) = Pq(E)/Pq’ (E) .

Consider then the nature of P,(E) [Eq. (14)]. The diagonal terms (i = j) give
the standard probability, at energy E, of photodissociation out of a bound state
| E;) to produce a product in channel g. The off-diagonal terms (i # j) correspond
to interference terms between these photodissociation routes. These interference
terms describe the constructive enhancement, or destructive cancellation, of prod-
uct formation in subspace ¢. Equation (14) is important in practice because the
interference terms have coefficients [a;a}€(wE,i)€*(wE,;)] whose magnitude and sign
depend upon ezperimentally controllable parameters. Thus the experimentalist can
manipulate laboratory parameters and, in doing so, alter the interference term and
hence control the reaction product yield. This control approach can be extended
to the domain of moderately strong fields[6].

Equation (14) displays an important feature. That is, the entire control map,
i.e., Py(E) or Ry 4 (E) as a function of the control parameters, is a function of very
few molecular parameters, i.e., the dg(ji). As a consequence, the experimentalist
need only determine these few parameters in order to produce the entire control
map. This statement constitutes the weak field version of “Adaptive Feedback Con-
trol” (see, e.g. [7]-[12]). In the general strong field regime, a numerical non-linear
search procedure must be performed to achieve a desired optimization. However, in
the weak-field regime, because of the simple bilinear dependence of each P,(E) on
the a;€(wg,;) experimental parameters, we need only carry out N? measurements
for each arrangement channel to determine all the d,(ji) coefficients. Once these
coefficients are known, the bilinear P,(E) function can be analytically interpolated
to give any desired branching ratio between, and including, the extrema of R, , (E).

)

Wy
Wa
Wz

Wy

E; E,

E,

F1cURE 1. Photodissociation of a superposition of N levels using
(a) a pulsed light source (N = 3 is shown); (b) N cw lasers (N = 3
is shown) , and (c) N = 2 with two cw lasers.
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2.2. Bichromatic Control. Experimentally attaining control via Eq. (14)
requires a light source containing N frequencies w;, (i = 1...N). Both pulsed excita-
tion with a source whose frequency width encompasses these frequencies, as well as
excitation with N Continuous Wave (cw) lasers of frequencies w; = wg; , (i = 1...N)
are possible approaches, as depicted in Fig. 1. Here we focus on N = 2, i.e., the
effect of two cw lasers on a system in a superposition of two states [Fig. 1c], a
scenario termed “bichromatic control”.

Consider then two parallel cw fields of frequencies w; and ws incident on a
molecule. The light-molecule interaction potential [Eq. (3)] is then

(17) Hyg(t) = — Z 2d - € Re[€(w;) exp(—iw;t)] -

Tuning the wy and wo frequencies such that, ws —wy = (E1 — E2)/h, we have that
P,(E) of Eq. (14), at energy E = E;y + hiwy = E» + hw,, has only two contributions,
corresponding to the excitations shown in Fig. 1c. The quantities P,(E = E +fiw1)
and Ry o (E) are therefore given by[13, 14]

h 2
(%) Pq(E =F + hwl) =

(18)  lar?[e(wn)Pdg(11) + |az|*|E(w2)?dg(22) + 2 Re[arase(wi)e (w2)dg (12)]

(19) R, (E) = Ja(DI+21dg(22)] 42z cos(by — 6 + ay (12))]d,(12)]
PO T dg (0] + 2?[dg (22)] + 22 cos(61 — 02 + o (12))]dy (12)]

where a,4(ij) and 6; are defined via

do(ij) = |dg(ij)| exp(iag(ij)) , = = % )
_ Im[é(w))ay]
(20) @0 = Rele(ws)ag]

For convenience we have introduced the control variables A§ = 6; — 65 and
s = x2/[z? + 1]. The range 0 < s < 1 covers all possible values of relative laser
intensities. Varying Af or s, changes the interference term and thus gives us control
over the dissociation probabilities. These changes may be accomplished either by
varying the coefficients of the initial superposition state, {a;}, or by changing the
intensity and relative phases of the dissociation lasers. Note, in particular, that
varying Af corresponds to just varying a phase. The dependence of the yield on
A6 hence emphasizes the quantum-interference-based nature of the control.

As an example of this approach we consider control over the relative probability
of forming 2Py, vs. 2P/, atomic iodine, denoted I and I*, in the dissociation of
methyl iodide in the regime of 266 nm,

(21) CH; + I*(*Py /) + CHsI — CHs + I(*Py») .

This reaction is an example of electronic branching of photodissociation products.
The results reported below are for a non-rotating two-dimensional model[15] in
which the H3 center-of-mass, the C and the I atoms are assumed to lie on a straight
line.

Typical results for the control of the I vs. I* channel are shown in Fig. 2, as
contour plots of the yield of CH3 + I as a function of the control parameters. Two
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cases are shown: photodissociation out of the two superposition states |x(0)) =
ai1| E1 ) + az| By ) (Figure 2a) and |x(0)) = a1| E1) + a3| E3 ) (Figure 2b). Here
| Ey ) is the ground state and | E2 ) and | E3 ) correspond to states with one and two
quanta of excitation in the C-I bond. The results show a large range of possible
control. For example, the yield changes in Fig. 2b from 30% to 70% as one varies s
at small 6; —6-. In addition, a comparison of the two figures shows that the topology
of the control plot depends strongly on the states that comprise the superposition
state.

2.2.1. Energy Averaging and Satellite Contributions. In general, experiments
measure energy averaged quantities such as

(22) Pq:/dEPq(E)aRq,q’:Pq/Pq'a

since products are not distinguished on the basis of total energy. As such, it is
necessary to compute photodissociation to all energies. For the case considered
above, two states irradiated with two cw fields of frequencies w; and wo, P, (E) [Eq.
(14)] is nonzero at three energies:
E = FE; + hw, = Ey + hwo, E' = E| + hwy and E" = Ey + hws.

The contribution from the first of these energies P,(E = Eq + fuw1) is given in
Eq. (18) and shown on the left hand side of Fig. 3. The remaining contributions,
shown on the right hand side of Fig. 3, are
2w
h
2w
h

Pq(EI =B +hws) = ( )2|a1€(w2)|2dq(11) )

(23) Py(E" = By + hwy) = (5-)*|aré(wn)]’dy(22) .

Thus, the overall P, for N = 2 is given by
(24) Pq = Pq(E = E1 + hwl) +Pq(El = E1 + hwg) +Pq(EII = E2 + ﬁwl) .

The latter two terms correspond to traditional photodissociation terms without
associated interference contributions and provide uncontrollable photodissociation
terms that we call “satellites”. In this, and all coherent control scenarios discussed
below, it is important to attempt to reduce the relative magnitude of the satellite
terms in order to increase overall controllability.

We make the general observation that interference between terms of different
energies contain oscillatory exp[i(E; — E»)t/h] terms that average out to zero with
time. (This is not to say that the oscillatory interference term can not be put to
good use. See, for example, a proposal for generating THz radiation [16] using such
oscillatory terms and a related experiment[17]).

3. The Principle of Coherent Control

Control of the type discussed above, in which quantum interference effects are
used to constructively or destructively alter product properties, is called coherent
control. Photodissociation of a superposition state, the scenario described above,
will be seen to be just one particular implementation of a general principle of
coherent, control: i.e., that coherently driving a state with phase coherence through
multiple, coherent, indistinguishable, optical excitation routes to the same final state
allows for the possibility of control . This procedure has a well-known analogy, the
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FI1GURE 2. Contour plot of the yield of CH3 +I from the photodis-
sociation of CH3I from a superposition of states at w; = 37593.9
emt. (a) [x(0) = ai|By) + as| B ), (b) [x(0)) = a| By) +
as| E3 ). Taken from Fig. 1, Ref. [13].

interference between paths as a beam of either particles or of light passes through
a double slit. In that case interference between two coherent beams leads to spatial
patterns of enhanced or reduced probabilities on an observation screen. In the
case of coherent control the overall coherence of a pure state plus laser source
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FiGure 3. Contributions for two levels photodissociated by two
frequencies. The interference terms correspond to total energy

= E. The satellite terms correspond to total energies = E' and
E".

allows for the constructive or destructive manipulation of probabilities in product
channels. Active control results because the excitation process explicitly imparts
experimentally controllable phase and amplitude information to the molecule.

As mentioned above, in general control can only arise from energetically de-
generate states. Another way of seeing this is to note that products of states of
different energies E and E' appearing in the square of the wavepacket of Eq. (11)
cannot contribute to any measurement where the total energy is resolved. Such a
measurement, which filters out all the wavepacket components save those belonging
to a given value of E, eliminates all the E # E' products. Alternatively, we note
that two states of different energy are in principle distinguishable. Hence they can
not interfere with one another.

Numerous other scenarios can be designed that rely upon the essential coherent
control principle. Examples include N photon vs. M photon routes and pump-
dump scenarios reliant upon pulsed laser excitation. In the former case, situations
where the N and M excitations are of different parity allow for interesting symmetry
breaking situations, including the ability to exercise control over chirality[18, 19,
20).

4. Interference Between N-Photon and M-Photon Routes

Another important example of coherent control introduces the possibility of
quantum interference arising through competitive optical routes in the excitation of
a single bound state to an energy E. Specifically, we consider the photodissociation
of a single state via two pathways, an N photon and an M photon dissociation
route. The N vs. M scenarios are of two types, N and M of the same parity
(i-e., both N and M odd or both even) or of opposite parity. The latter allows
for control over the differential photodissociation cross sections (i.e., scattering
into different angles), or control of the integral cross-sections of systems lacking
an inversion center (“chiral” systems), whereas the former allows for control over
both the integral and differential cross sections. For simplicity we focus on the two
lowest order cases (N, M) =(1,2) and (N, M) = (1, 3).
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4.1. One vs. Three Photon Interference. Consider[21] a molecule ini-
tially in state | E; ) subjected to two co-propagating cw fields of frequencies w; and
ws, with w3 = 3w;. The interaction potential is given by
(25) HMR(t) =-2d- R, [3353 exp(—iwgt) + €161 exp(—iwlt)] R

where €; = &(w;).-

We assume the following physics: (a) the dipole transitions within electronic
states are negligible compared to those between electronic states; (b) the fields are
sufficiently weak to allow the use of perturbation theory, and (c) E; + 2kw; is below
the dissociation threshold, with dissociation occurring from the excited electronic
state. The lowest order perturbation theory expression for the one-photon or three-
photon dissociation amplitude Am ¢(E = E; + fws) is

271
(26) Amq(E = BE; + hws) = (T)X
[6(ws —wg,i)és (E,m,q" |deyg | E;) + 63wy — wp,)él (E,m,q |Tey| E;)]

where, T¢ , is the 3-photon transition operator, given in third order perturbation
theory as

(27) Te,g = Z de,e’ (Ez - He’ —|— 2%}1)71d81,611 (Ez - Hell + hwl)ildeu’g .
elel!

The probability to produce fragments ¢ at a fixed energy F is therefore
(28)  Py(E) = |Amg(Ei + hws)|> = P{)(E) + P (E) + P{'*)(E)

where the one photon photodissociation probability is

(29) PO(E) = (T Plesl? 3 [ Bomsq [dey | B
the three-photon dissociation probability is

(30) POE) = (T Plal® Y (B m,q™ | T | EDP

and the one-photon three-photon interference term is

2w
P{M(B) = ()7 |6 & ) (Bil Tye| Bym, g~ )(B,m,q™ [dey | Ei) +cc.

m
(31)
As in our discussion of the photodissociation of a superposition state [section 2.1]

[4

we define a “molecular” interference-amplitude |Fq(13)| and a “molecular” phase

04(13) as
(32)  |Fy(13)|expliag(13)] = > (Ei| Ty, | Eym,q )(E,m,q |dey | Ei) -

m
Recognizing that €; is a complex number, €; = |Ez~|ei¢"' we can write the above
interference term as

3 POE) = 20 st cos(gs — 3¢n + g (13 F,(13)]
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The branching ratio Rgy (E) for channels ¢ and ¢', (see Eq. (16)) can now be

written as

(30) Ry (E) = Fy(11) — 2z cos|¢s — 3¢1 + a,(13)]ed| Fy(13)| + 25 Fy (33)
4 Fy(11) — 2z cos[ps — 31 + ay (13)]€d| Fy (13)| + z2€g Fy (33)

where 5 "
Fy(11) = (=)’ PV(E) ; Fy(33) = (=)’ P)(E) ;
€3] € |
ot
(35) and z = |261_|
€5l€s|

where € is defined as a single unit of electric field; z is therefore a dimensionless
parameter.

The numerator and denominator of Eq. (34) each display the canonical form
for coherent control, i.e., a form similar to Eq. (19) in which there are independent
contributions from more than one route, modulated by an interference term. Since
the interference term is controllable through variation of the (z and ¢3 — 3¢1)
laboratory parameters, so too is the branching ratio R4y (E). Thus, the principle
upon which this control scenario is based is the same as that in Section 2.1 but the
interference is introduced in an entirely different way.

The 3-photon vs. 1-photon scenario has been experimentally realized by Elliott
et alin atoms[22], and by Gordon and coworkers [23]—[27] in a series of experiments
on HCI and CO. For example, Gordon demonstrated control over the production of
different channels in the HI* « HI— H+I case[26, 27]. The experimental results,
shown in Fig. 4, are highly significant since the modulations in the I* signal are
seen to be out of phase with those of the HIt signal. Thus, control over different
reaction products has been demonstrated. That is, by changing ¢3 — 3¢, the phase
difference between the ws and the w; laser fields, through the change in the pressure
of the Hy gas in the tuning cell, different I+ /HI* ratios are attained.

The quantitative nature of the observed control depends upon the values of
Fq(l?’) and the “molecular phase”, a,. In particular, the value of a; — oy dictates
the shift between the peaks in P,(F) and Py (E). For example, a molecular case
where a, —ay = 0 (e.g., in the HySt < HyS— H-+HS case discussed above) shows
less discrimination between channels than does a molecular case where ay —oy = .
Hence the relationship between the nature of the dynamics and the oy values is of
interest, a topic studied in detail by Gordon, Seideman and coworkers[28].

The above results show that it is possible to control the integral cross section
into channel ¢ via one photon vs. three photon absorption. A similar result obtains
for any N photon vs. M photon absorption scenario where N and M are of the
same parity. In addition, these scenarios allow for control over differential cross
sections as well. To see this, consider rewriting Eqgs. (29) - (32) so that it applies
to the probability of observing the product in channel ¢, but at a fixed scattering
angle. Then the sum over the channel indices m no longer includes an integral
over scattering angles. The resultant cross term P(') is nonzero so that varying
properties of the lasers will indeed alter the differential cross section into channel
q.

This introduction makes clear that quantum interference provides a central
means for the quantum control of molecular processes. As noted above, this has
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FIGURE 4. Modulation of the HIT and It signals as a function of
the difference between the one- and three-photon phases (propor-
tional to the Hy pressure in the cell used to phase shift the beams).
Taken from Fig. 3, Ref.[26].

been applied to a wealth of processes, providing deep insights into the mechanisms
for control.

5. Large Molecule Control

Consider now the problem of simulating coherent-control in a large molecular
system. In this case, unlike the situation above, interest is generally in control-
ling the dynamics of a subcomponent of the system, e.g the photo-induced pro-
ton transfer motion in the molecule 2-(2’-hydroxyphenyl)-oxazole (denoted HPO
through out this paper) shown in Figure 5. In such an instance one might try to
control the motion of the proton between the keto and enol forms of the molecule.
To do so using quantum interference requires the maintenance of quantum coher-
ence throughout the process. However, it is well known that a quantum subsystem,
in interaction with the total system, undergoes decoherence, i.e. the loss of the
coherence that need be maintained in order to achieve control. Hence, the study
summarized below aimed to demonstrate that control was indeed possible in the
presence of decoherence[29, 30] induced by coupling to the molecular background.
To do so required the development of a new semiclassical approach to the molecular
dynamics, also summarized below, since quantum computations are intractable.

We consider control over proton transfer in HPO using the bichromatic con-
trol scenario discussed above. For this finite time computation it is convenient to
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FIGURE 5. Molecular structural diagram describing the ex-
cited state intramolecular proton transfer reaction in 2-(2’-
hydroxyphenyl)-oxazole. Taken from Fig. 2, Ref. [31].

introduce a slightly different notation from that above and to ignore the spatial de-
pendence of the electric field. Here the molecule is initially prepared in a coherent
superposition state,

(36) [ T(0) =cr [ 1) +e2[2),

where | 7) is a bound nuclear eigenstate of energy E;. The system is subsequently
photoexcited by two monochromatic laser pulses with a total electric field e(t)

(37) G(t) = F1 (t — t1)616_i(w1t+91) + F2 (t — tQ)EQ e—i(w2t+02) + C.C,

where €; = €;€, j = 1,2 are time independent real vectors, and c.c. denotes the
complex conjugate of the preceding terms. The functions F}; in Eq. (37), describe
the pulse shapes, and 6; are the phases of the two pulses.

Unlike the photodissociation case above, here we are interested in the time
dependence of the reactant population. The time-dependent reactant population
P(t) can be computed as follows:

(38) P(t) =(2() | R | ¥(1),

R is a function of the system coordinates that is one only when the system is in the
reactant side of a dividing surface in configuration space and | ¥(t)) is the system
wavefunction at time ¢.

Assuming that the laser field is sufficiently weak to allow the use of first order
perturbation theory, we obtain the time evolved wave function | ¥(t)) as

- 2 t 2
| W(t) = —% > g / d [3 epemilErthont ms]
j=1 - k=1

X Fi(t' — t)]e =t /he . d | j).

(39)

where H is the Hamiltonian on the excited electronic surface, and where only the
near resonant terms have been retained (the rotating wave approximation). Sub-
stituting Eq. (39) into Eq. (38), we obtain the time dependent reactant population
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in the weak field limit
(40)

t t 2 () ” - T ’
P(t)=h"" / ! / dt" " cic; (i | & det /M Rem /e . | )
—0o0 — 00 j,jI:]-
x ei(Ejlt”—Ejt,)/ﬁG% (Fl (tl _ tl)Fl (t” _ tl)ez’wl(t”—t’) + F2(tl _ t2)F2 (t” _ tz)ib'z
X eiwz(tuft’)) + Byt —t)Fy (1" — t1)ei[(w1t”7w2tl)+9] + Fi(t —t1)Fa(t" — ta)

i[(wat'" —wit')—O©
g etl(ws )-8y

as a function of the laser controllable parameters z = €3 /€1, and © = 6; — 6,. Note
that Eq. (40) contains terms in |¢;|? corresponding to direct contributions, as well
as terms in c;c; that correspond to interference terms. Hence, by altering the c;
we can control the interference term, and hence the dynamics.

To compute the control requires the exact quantum propagation of the system,
a computational task that becomes daunting, if not intractable, for systems with
more than six degrees of freedom (e.g., a molecule with four atoms). For this reason
we turn to semiclassical methods.

6. Semiclassical Initial Value Representation

In an effort to develop an approximate method of useful reliability for the
description of quantum mechanical interferences in systems with many degrees of
freedom, we replace the time evolution operators, in Eq. (40), by the coherent state
expression in the initial value representation (IVR)[32]. That is,

() 0= o)™ f i [ da 500G 0) | M |

where | gqp) is a coherent state. The integration variables (pg,qo) in Eq. (41)
are the initial conditions for classical trajectories and q; = q:(po,qo) and p: =
pt(Po,qo) are the time-evolved nuclear coordinates and momenta. The classical
action S¢(po,do) along this trajectory is obtained by integrating the equation:

(42) S =pe-a — H(ps,ar),

along with Hamilton’s equations of motion for p; and q;. Here, H(q,p) is the
full-dimensional model Hamiltonian [33] that explicitly describes the motion of all
degrees of freedom in the system. The pre-exponential factor C¢(po,do), introduced
in Eq. (41), involves the monodromy matrix elements that are propagated in accord
with reference [33].

Substituting Eq. (41) into Eq. (40) gives the semiclassical IVR, for P(t)

t t
P(t) = h2 (27rh)_2N/dp0/dqo/dp'o/dq'o/ dt'/ dt”zcjc;f,
- BRI N L

x eiSi—t (Po,a0)=S.—un (0. d' ) /R,y (o, qo)Cryn (P'or o) ' | P> o)
X0 v @i | R Dice, @) (o, ao | 4)e B BONGR(H ~ 1)
x F (t” — tl)eiwl(tuit,) =+ Fg(tl — t2)F2 (t” — t2)$26iw2(t”7t1) + Fg(tl — tz)
X Fy (" — 1)zl =22t040l L By (¢ — 1) Fy(t" — ty)melliwet’ —1t)=0l],

(43)
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This time dependent semiclassical formulation extends the usual bichromatic
coherent-control scenario to simulate control at finite times after photoexcitation
of the system. Applicable to the bound state problem, it has a number of compu-
tational advantages relative to the continuum problem. First, there is no need to
solve the complete state-to-state quantum mechanical reactive scattering problem;
second, the approach provides a “direct” method for computing bichromatic con-
trol insofar as it computes P(t), as a function of the pulse phases and intensities,
without having to store or compute any other intermediate quantities; third, the
method is applicable to systems with many degrees of freedom.

7. Numerical Aspects of the Semiclassical Approach

Semiclassical implementations of problems with this number of atoms are still
in their early stages of development[34]. Most recently, we have demonstrated, with
applications to collinear polyatomic photodissociation[35] and non-adiabatic ICN
photodissociation[36], that the IVR method does provides an excellent approxima-
tion to the exact quantum results for controlled photodissociation. Encouraged by
these results, we applied this method to the HPO discussed herein[31]. The exten-
sion to large molecules and to time dependent bound state dynamics introduces a
number of computational issues that are discussed in this section.

7.1. Monte Carlo Sampling. In principle, the most efficient implementation
of Eq. (43) is one that samples initial conditions for (po, qo), (p'g,d’y) and (¢, t")
for pairs of trajectories that propagate forward in time, and contribute at each
time ¢ according to the integrand of Eq. (43). In practice, however, such an
approach converges extremely slowly for systems with many degrees of freedom,
even when implemented according to a stratified adaptive Monte Carlo technique.
We, therefore, change the integration variables (p'y,q’y) to (p'y_p,q';_yv) and
we optimize the convergence for each specific time ¢ by sampling (p’;_;n, Q' 4_yr)
according to a defensive importance sampling technique [37].

Trajectories are initialized through MC sampling of coordinates and momenta
(Po, Qo) according to the localized phase space distributions | (po,qo | o) |?. The
partial contribution of a single trajectory to P(t) requires forward propagation from
the initial phase point (pg,qo) to the resulting phase point (p;—¢,qi—¢)- At this
time the trajectory undergoes a stochastic hop, (Pt—¢,qt—#) = (P's_p,dt_n),
and then evolves backward from (p’,_;»,q’;_;») to the resulting phase point (p'y,d’y)
at time 0.

The sampling function for coordinates and momenta (p’;_,»,dq's_p) is defined
in terms of the overlap of the coherent states as

N
5 ;. 7 - 2
L ) = (1= (] e Pemvr (D) =Py (4)
fO i, d ) = ( ﬂ)]l;ll €
(44) .

- 1(7)— ! n i))?2
w0y ()=, _n (4)) +5H | (D, oy | Doty @1—t) |,
j=1

where ¢ is a constant parameter and the convergence rate 3 is adjusted according to

the dimensionality of the problem. The role of the first term in Eq. (44) is to pro-
vide a localized distribution that samples coordinates and momenta (p';_, q's_4r)
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sufficiently close to (pt—¢,q:—s) as to have partial cancellation of the phase in the
integrand. The second term is a broad distribution that is essential to provide an
upper bound to the variance when the first term is much smaller than the value of
the integrand.

It was found that chaotic trajectories cause a serious deterioration in the ac-
curacy and convergence of the calculations. Contributions to the integrand in Eq.
(43) from individual trajectories of this kind become exponentially large with time
since magnitudes of the stability matrix elements, appearing in the pre-exponential
factors Ci(po,qo), increase on the average as exp(A t) where A is the Lyapunov
number [38, 39]. Consequently, even a few chaotic trajectories can dominate the
rate of convergence in the semiclassical calculation. In general, however, the con-
tribution from various chaotic trajectories tend to mutually cancel, presumably as
a result of rapid variations in the phases of these contributions. We, therefore,
implement a simple procedure [39] that removes the trajectories that are highly
unstable. Specifically, trajectories in which | Cy(po,qo) | exceeds a cutoff value of
2 x 10* are terminated at that time and their contribution at longer times is set to
ZEro.

7.2. Forward-Backward Time Average. The efficiency of the method, as
implemented here relies on the partial cancellation of phases that results from the
forward-backward aspect of the calculation, where the product of the two time
evolution operators in Eq. (40) is treated as one evolution operator [33]. This
phase cancellation effect is combined with the “smoothing” effect associated with
the time average over nuclear motion, introduced by the time integrals in Eq. (43).
These time integrals are computed via Monte Carlo sampling of propagation times
(t —t') and (¢t —t"), in accord with the distribution functions introduced by the
intensity profiles F; and F5, respectively. Thus, the presence of a pulse of finite
(as opposed to delta function) duration significantly aids in the convergence of the
semiclassical method.

7.3. Approximate Prefactor. The pre-exponential factor C;(po,qo), in Eq.
(43), is computed by the approximate version of the semiclassical initial value repre-
sentation method developed in reference [40], as implemented in reference [33]. The
method is specifically designed to avoid the computational bottleneck for applica-
tions of the SC-IVR to large molecular systems, which is caused by the calculation
of the monodromy matrix elements involved in the pre-exponential factor of the
semiclassical amplitude.

7.4. Computational Results. Results of this control computation are given
below. For example, Fig. 6 shows a contour plot of the percentage enol (i.e.
the reactant) form at 100 fs after photoexcitation of the system. The coherent-
control map [Fig. 6] indicates that the percentage reactant drastically changes as
a function of the relative pulse laser parameter ©. That is, there is a broad range
of yield control over an extended range of S. Maximum control is attained in the
0.25 < S < 0.55 range, where the production of the keto tautomer can be varied
from more than 20 % to less than 80 %, by varying © from 0° to ~210°. Note
that these large changes are achieved solely by changing the relative phases of the
photoexcitation pulses that populate the electronic excited state by creating an
initial coherent superposition. Similar control persists at larger values of S, where



COHERENT CONTROL: PRINCIPLES AND SEMICLASSICAL IMPLEMENTATIONS 17

the percentage product yield can be reduced from more than 30 % to less than 80
% by changing © from 0° to ~ 120°.
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FiGure 6. Contour plot of the percentage reactant for bichro-
matic coherent-control at 100 fs after photoexcitation of the sys-
tem. Taken from Fig. 2, Ref. [31].

Figure 7 shows contour plots of the percentage product yields at 200 fs after
excitation of the system. Here, the degree of yield control is maximum in the
0.2 < S < 0.8 range, where the reactant probability can be reduced from more 80%
to less than 40% by changing © from 120°—180° to 0°.

The extent to which these results are significant is associated with the advent
of intrinsic decoherence experienced by the proton during the course of the dy-
namics. To this end we examine the time dependence of Tr[p?(t)], where p(t) is
the one-particle reduced density matrix associated with the proton, which serves
as a decoherence measure[41, 42, 43, 44]. Further, we choose the initial state as
the Gaussian ground vibrational state of the stretching mode associated with the
OH bond (see Fig. 5) promoted to the first electronically excited state. Since the
decoherence rate is expected[44] to increase with the configuration space size of the
p(0), this choice of initial condition should provide an approximate lower bound
to the rate. Initially, Tr(p(0)?) = 1, indicative of a pure state. As the reaction
proceeds, the proton becomes coupled to the remaining degrees of freedom in the
system (i.e., a bath of 34 coupled modes) and Tr(p?) is expected to decay.

Figure 8 shows Tr(p?) as computed during the first 15 fs of dynamics. During
this short time more than 98% of the population remains on the reactant side [33].
However, Tr(p?) decays to ~ 0.6 by 4 fs (a time scale comparable to one half the
period of the OH stretch in the enol tautomer). At this time the slope of the curve
changes sign, indicating a change of the underlying physical process. Additional
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FiGURE 7. Contour plot of the percentage reactant for bichro-
matic coherent-control at 200 fs after photoexcitation of the sys-
tem. Taken from Fig. 3, Ref. [31].
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FIGURE 8. Trace of p? as a function of time during the first 15 fs
of dynamics after photoexcitation of the system. Taken from Fig.
4, Ref. [31].
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computations at longer times, specifically at 100 fs and 200 fs, show a further de-
crease of Tr(p?) to 0.54 and 0.38, respectively. This is consistent with the fact that
by 200 fs over 13% of the H-atom population has been transferred and that com-
parisons with fewer degree of freedom models[33] show that the dynamics beyond
100 fs involves coupling to a significant number of background modes. Figures 6
and 7 make clear that extensive coherent control is taking place in a system despite
the ongoing decoherence.

It is important to note that these are benchmark state-of-the-art computations.
Each time reported in Fig. 8 requires a separate calculation of a 140-dimensional
integral using ~ 107 semiclassical trajectories. This considerable computational
effort aims to produce the first explicit calculations of coherent-control in a system
with many coupled degrees of freedom. To the best of our knowledge, our compu-
tations also constitute the first explicit calculations of a decoherence measure in a
system with many degrees of freedom.

The essential nature of coherent control studies is such that we can now explore
issues related to the detailed physics of the control mechanism. This includes an
examination of the role of the initial mode prepared, the excitation duration and
frequency content, etc. Such studies are underway.

8. Comments

Coherent control studies have provided deep insights into the nature of the
quantum control of molecular processes. They highlight specific mechanisms that
are responsible for the ability to control processes, providing the physical insight
essential to scientific progress in the area. Numerous applications on small systems
in a wide variety of areas have previously proven successful. The recent semi-
classical study on HPO, summarized in this paper, makes clear that the future is
bright for quantum control in large molecular systems, even though they experience
decoherence effects.
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